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Let A be a uniform algebra on a compact space X. An inner function is a 
function in A unimodular on X. For three algebras of type H” we prove A is 
generated by its inner functions. Whenever A is generated by its inner functions 
we prove the unit ball of A is the closed convex ball of the inner functions. 
1. INTRODUCTION 
Recently one of us [17] proved that the algebra Ha(d) of bounded analytic 
functions on the unit disc is the closed algebra generated by the Blaschke 
products. In this paper we prove a similar result for three kinds of uniform 
algebras of type Hm. 
If A is a uniform algebra on a compact space X we say that u E A is an inner 
function if / u / = 1 on X. We let J = J(A) denote the smallest closed subalgebra 
of A containing the inner functions. We prove J(A) = A in the three cases 
listed below. As in [17] we obtain the stronger result that the ball of A is the 
norm closed convex hull of the inner functions. 
Case 1. Let m be a probability measure on some set and let Ha be a sub- 
algebra of L”(m) containing the constants. We assume 
Hm is weak-star closed in L”(m). (1.1) 
m is multiplicative on Hm: sfgdm = /fdmJgdm, f,gEHCC. (1.2) 
Hm is a strongly logmodular subalgebra of Lw: If  v  E Lw, 
v  real valued, then v  = log / f ( for some invertible f  E Hm. (1.3) 
* This work was supported in part under Grant No. MPS 74-7035. 
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Letting X be the maximal ideal space of Lm, we see by Hypothesis (I. 1) that 
Ha is a uniformly closed subalgebra of La which by Hypothesis (1.3) separates 
the points of X. Thus Hm is a uniform algebra on X. Since C(X) is isomorphic 
to Lm, the inner functions are those u E Ha such that / II / = 1 a.e. &n. 
Hypotheses (l.l), (1.2), and (1.3) hold for Ha(d) when dm = dO/2r on &I. 
Further examples of this case arise in the theory of almost periodic functions and 
in the general theory of uniform algebras l-11, 161. 
Case 2. Let D be a finitely connected plane domain. Our algebra now is 
Ha(G), the algebra of bounded analytic functions on Q. Using a conformal 
mapping we can assume EQ is the union r of finitely many analytic Jordan 
curves r, , r, ,..., r, . We let ds be the arc length measure along r = (J rj . 
By Fatou’s theorem Ha is a closed subalgebra of L”(ds). The compact space X 
is now the maximal ideals space of Lm(ds) and an inner function is a function 
u E NW with nontangential limits of absolute value one almost everywhere ds. 
(That Hm is a uniform algebra on X is well known; it will also be shown in 
Section 4.) Minor modifications of the proof for this case will give the result 
when Q is a finite open Riemann surface, but we leave those details to the 
interested reader. 
Case 3. Let E be a compact subset of the real line with positive measure. 
Let Q = S2\E be the complement of E in the extended plane. Such a domain 
is called a Denjoy domain. In this case we again consider the algebra Ha(Q) of 
bounded analytic functions on 6’. By Fatou’s theorem, each f 6 Hm has at almost 
every x E E a nontangential limit f(x+) from the upper half plane and a non- 
tangential limit f(x-) from the lower half plane. Let L”(a) = L”(E, dxf) @ 
Lm(E, dx-) be the direct sum of the two copies of L”(E, dx). Then f -+ 
(f(x+),f(x-)) maps H” into La(u). It is shown in [12] (a proof is given in Sect. 4 
below) that Hm is a closed subalgebra of L”( ) u , and that Hao is a uniform algebra 
on the maximal ideal space X of Lm(u). Thus in this case u E Ha is inner if 
/ v(x+)/ = 1 u(x-)\ = 1 almost everywhere on E. 
In Section 2 we study an auxiliary subalgebra N of J. We also prove the 
general theorem: If a un$orm algebra A is generated by its inner functions, then 
the unit ball of A is the closed convex hull of the inner functions. This extends 
results of Phelps [19], Sine [21], Fisher [8-IO], Rudin [20]. 
In Section 3 we use the argument in [17] to show that J(A) = A whenever an 
algebra A satisfies two hypotheses. We also give a counterexample showing that 
some form of these hypotheses is necessary. 
The two hypotheses used to show J(A) = A are verified, respectively, in 
Sections 4 and 5 for the algebras of Cases 1,2, and 3. The method of Section 4 is 
also used to reprove some results of Axler [2] and of Douglas and Rudin [5]. 
The result of Section 5 generalizes interpolation theorems of Nevanlinna [18] 
and of Adamyan et al. [l]. In the classical case of Hm(d) these authors have a 
finer result but our proof, albeit abstract, is shorter. 
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We let &(A) denote the maximal ideal space of an algebra A. For 9 E M(A), 
f~ A we write {(‘p) and sometimes f(v) for v(f). We write A-l for the family 
of invertible elements f of A. We say A is logmodular on X if (log / f / : f E A-l) 
is dense in the space C,(X) f 0 real continuous functions on X. 
If A C B are uniform algebras on a compact space X, we say that B is a 
Doughzs algebra over A if B is the smallest closed algebra containing A and 
{f-l: f E A n B-t}. In Section 2 we show that / n A-’ = J-l. This means that 
the question of whether J = A is the same as the question of whether A is a 
Douglas algebra over J. 
2. THE CLASS N 
Let A be a uniform algebra on a compact space X. We let 
N = {f G A:fu E A for some inner function u E A). 
The reason for this notation is that in the case Ha(A), a function f E H” is in N 
if and only if f (ei”) is the boundary value of a function from the Nevanlinna class 
on (1 z 1 > 1). Indeed, iff E N andju = g E HE, then a.e., 
f (eie) = lim g(l/z) , 
r-1 24(1/z) 
For the converse, we note that there is h E H2 such that@ E H2. The set of such 
functions h is a closed subspace of H2 invariant under the shift operator. By 
Beurling’s theorem, it contains an inner function. It is clear that J Q! N. Indeed, 
e* E J\N because no function with an essential singularity can be in the Nevanlinna 
class in (1 z j > I}. These observations were first made in [6]. 
THEOREM 2. I. N is a dense subalgebra of J. 
Proof. It is clear that N is an algebra containing the inner functions. Indeed, 
if fi E N, fi E N with frur E A, j2u2 E A then ( fi + fi) ulu2 E A and fi f2u1u2 E A. 
Now let f E N, /If j] < 1. Let u be inner withfi E A. For all real t let 
Then ft is an inner function in A. But 
f == & j-‘“ft dt, 
0 
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and as /lfil < 1, the integral converges uniformly on X. Some Riemann sums 
now give an approximation to f  by convex combinations of inner functions. 
Thus N is contained in J. 
The above proof yields the following general theorem. 
THEOREM 2.2. If A is a uniform a&ebra generated by unimodular functions, 
then the closed unit ball of A is the norm closed convex hull of the unimodular 
functions in A. 
A noncommutative, self-adjoint version of this result proved with a similar 
idea can be found in [15]. 
COROLLARY 2.3. Let A be a unaform algebra generated by unimodular functions. 
If E > 0, there exist hj > 0 with C Xi < 1 + E such that if f e A with 1) f  (( < 
1 - E then 
for some inner functions uj E A. 
Proof. By refining the Riemann sums in the proof of Theorem 2.2 if neces- 
sary, there are coefficients A3 > 0, C hj = 1 so that for each f  E A with (1 f  (1 < 
1 - 6, there are inner functions I+, 1 <i < n, with )I f  - C hjui jl < c/2. 
Repeating with (2(1 - e)/c)(f - z h,uj) and iterating gives the proof. 
COROLLARY 2.4. i’ff E J and i f f  E A-l, then f  E J-l. 
Proof. By an approximation we can assume f  E N. Let fu E A where u is 
inner. Then 
( 1 ” IEA -- f  3 
and (Ju)/f is inner. 
3. PROOF OF THEOREM 
Let A be a uniform algebra on a compact space X. We assume 
The inner functions in A separate the points of X. (3.1) 
IfF~C(X),)~FJ~<l,thereisG~C(X)suchthat~G~=landF-G~A. 
(3.2) 
THEOREM 3.1. I f  A satisfies (3.1) and (3.2), then the unit ball of A is the norm 
closed convex hull of the inner functions. 
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Proof. Let f E A, z > 0. By (3.1) and Stone-Weierstrass there are inner 
functions ur ,..., u, and u and complex coefficients h, ,..,, h, such that 
Let g = C h,uj . By (3.2) there is a unimodular function G E C(X) such that 
iig--G=hEA.Asg--eruG=uhEA,wehaveuGEA.NowganduGare 
in N, so that there is an inner function w with ‘;;3;w E A. Notice that fiw = 
aweuEA, so that hENC J. But 
HencefE J. 
As J = A the full result follows from Theorem 2.2. 
We now give an example showing that some form of (3.2) is needed to prove 
J = A. 
EXAMPLE 3.2. There exists a Dirichlet algebra A on a compact space X such 
that (3.1) holds but such that J is not a logmodular algebra and .M( J) # &?(A). 
Proof. Let A(A) be the disc algebra Hm(A) n C(d). Let X = aA x aA be 
the torus. Fix an infinite compact subset K of aA having measure zero. Let 
A, = {f E C(X): for each w E ad, f (z, w) E A(A)}. 
Then A, is a Dirichlet algebra on X and &(A,) = d x ad. Let 
A, = {f E C(X): for each z E K, f (z, w) E A(A)}. 
Then A, is a Dirichlet algebra on X and &(A,) = X u (K x if). Since K has 
measure zero, [4, Theorem 11 implies that A = A, n A, is a Dirichlet algebra 
on X and that M(A) = d(A,) u d(A,). 
Let u E A be an inner function. Since u E A, , for each w E aA there is a finite 
Blaschke product B, such that u(z, w) = B,(z). By continuity there is Y < 1 
such that each B, has zeros only in j x 1 < Y, and hence B, is analytic on 
I z j < Y-I. Set, for It = 1, 2, 3 ,... 
a,(z) = & s_” u(z, ei@) ein” dp 
n 
Then a, is analytic on j z I < l/r and as u E A, , a,(z) = 0 for z E K. Thus 
a, = 0. A look at its double Fourier series shows that u extends analytically to 
the bidisc A x A. Consequently, J is the bidisc algebra. 
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4. SEPARATION OF POINTS 
In this section we verify hypothesis (3.1) for the three types of algebras Hao 
mentioned in the introduction. In Case 1, (3.1) follows from the theorem of 
Douglas and Rudin [S]. However, we give a different proof for Case 1, because 
the argument is needed for Case 3 and because the method gives another approach 
to some results from (2, 51. The proof of (3.1) we give for Case 2 follows a 
different path. It is given at the end of the section. For S a subset of C(X), let 
[S] denote the smallest uniformly closed subalgebra of C(X) containing S. 
After writing this paper one of us discovered that the proof of Theorem 4.1 
below had essentially been done by J. P. Rosay in 1971 (unpublished). 
THEOREM 4.1. Let E be an open-closed subset of a compact space X. Iff 6 C(X), 
and J f j = a on E and ) f 1 = b on X\E, wbe a # 0, b # 0, then there are 
unimodular functions u and v in C(X) such that 
Cf,f-'I = [% VI. 
Proof. Multiplying f by a constant, we can assume b = a-l. Let g = f + f -l. 
The spectrum of g relative to [j, f -I] is contained in a closed ellipse D with 
center zero. Let G: D -+ a, G(0) = 0, b e a conformal mapping. Because G is a 
uniform limit of polynomials on D, u = G og is unimodular, and u E [g]. 
And because G-l is a uniform limit of polynomials on a, g = G-1 0 u E [u]. 
Similarly, if h = f -f-l, then there is a unimodular function v such that 
[h] = [v]. This means 
[f,f-‘I = [g, h] = [u, v]. (4.1) 
As in [S], we say the algebra A has the annulus property if, for every open- 
closed subset E of X and for every real number a > 0, there is f E A-l such that 
If I = axe + a-lxx\e . When X is totally disconnected, every strongly log- 
modular algebra on X has the annulus property, and every algebra on X with 
the annulus property is a logmodular algebra. When A has the annulus property 
and X is totally disconnected, Theorem 4.1 and the Stone-Weierstrass theorem 
show that C(X) is generated by the quotients of the inner functions. Conse- 
quently Eq. (3.1) holds for Case I, since the maximal ideal space of Lm is totally 
disconnected. 
COROLLARY 4.2. If A is a uniform algebra with the annulus property on a 
totally disconnected space X, then J has the annulus property. Moreover, if g E A 
and log 1 g ( is a simple function, then g E J. 
Proof. The first assertion follows immediately from Theorem 4.1. If g E A 
and log 1 g j is a simple function, then let f E A-l satisfy /f 1 = 1 g / on X. 
Then by Theorem 4.1, f is the product of functions in J andgf-r is inner. 
Theorem 4.1 also implies a weak form of the main result of [S]. 
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COROLLARY 4.3. If A is a strongly logmodular algebra on a totally disconnected 
space X, then the set of quotients of inner functions is norm dense in the set of 
unimodular continuous functions on X. 
Proof. Suppose u E C(X), j u j = 1. Then u = wz for some unimodular 
2, E C(X). Since C(X) is generated by quotients of inner functions, there are, 
for E > 0, inner functions wa , wr ,..., w, and complex numbers l\l ,..., An such 
that 
114) - W. f AjWj /I < E. 
j=I 
Let w = ny=, wi , g = & Ajwj . Then gw G A. Since / g ( > 1 - E on X, 
there is h E A-r with ( h ( = 1 g ( on X. Then g = u,h, gw = u,h for some 
inner functions u1 and us , and 
!I WUI 
V V 
u-- zzz II II -___ = - -!% < ZE. w %2% t7 woyw II II 53 ! I  zO()g I, 
The proof of the above Corollary in [5] assumes only that the algebra A has 
the annulus property. 
Theorem 4. I aIso yields the following result due to Axler [2]. 
COROLLARY 4.4. Suppose A is a uniform algebra on a compact space X. Let E 
be an open-closed subset of X. If  there exists f  E A-l such that ) f  ; = axE + bxxlz 
where a # 6, then [A, ,Y~] is a Douglas algebra over A. 
Proof. We exhibit an inner function u,, such that [A, x$ = [A, u,,], The 
identities 
XE-ff-. f-‘(f)-’ - b-2 
a2 - b2 a-2 - b-2 
show that [A, X,] = [A,f,f-I]. Letting u and v be as in Theorem 4.1, we have 
[A,xE] = [A,f,f-l] = [A,@,@] = [A,Z]. 
COROLLARY 4.5. Suppose A is a uniform algebra on a compact space X. 
Assume A has the annulusproperty. I f f  E C(X) is a simpleJCunction, then [A, f]  = 
[A, uo] for some innerfunction u,, in A. 
Axler’s proof of Corollary 4.5 assumes the base algebra is only logmodular, 
but it does not obtain a single inner function ua . 
We next use Theorem 4.1 to verify (3.1) in Case 3. Let E be a compact subset 
of W, Q = Se\E. We assume E has positive measure, so that H”(B) is not trivial. 
Recall that the measure do consists of two copies dx+ and dx- of Lebesgue 
measure on E. For convenience we begin with an alternate proof of a result 
from [12]. 
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LEMMA 4.6. Ha(Q) is isometrically isomorphic to a closed subalgebra of L*(u) 
under the mapping 
Proof. It is clear that the map decreases norm. If g E H” satisfies g( co) = 0, 
then Cauchy’s theorem and dominated convergence show 
&‘> - &-) dx 2 E !a 
X-2 , (4.2) 
Fix z E Q, and F E Hm satisfying F(m) = 0, F(z) # 0. For f E Hm we apply (4.2) 
to g = fF, getting 
lf(4l < Kz ItflIp 
for some constant K, . Replacing f by powers f  n, we see K, = 1. Hence the 
mapping f  -+ cf(x+), f  (x-)) is an isometry; the mapping is clearly an algebra 
isomorphism. 
To show the inner functions separate the points of X we modify the well- 
known construction of the Ahlfors function for a Denjoy domain. Let A and B 
be a partition of E into disjoint Bore1 sets: E = A u B, A n B = 0. The 
maximal ideal space Jl(L”) is in this way partitioned into four open-closed sets 
A+, B+, A-, B-, where A+ u B+ = Et, A- u B- = E-, and where Ef, E- 
denote the two copies of E. 
LEMMA 4.7. If A and B are Bore1 subsets of E, such that A IT B = 0, 
E = A u B; there is f  E (H”(Q))-’ such that almost everywhere on E, 
1 f  (x’)i = exA + e-1xB ’ 
1 f  (61 = e-lxA + exB . 
ProoJ On the upper half plane define 
This harmonic function has nontangential limits ,yA - xe a.e. on E. 
It extends continuously to R\E, where it vanishes. The analytic function H(a) = 
h(z) + i*h(z) on the upper half plane can be reflected by writing H(z) = -m) 
when 3& x < 0. Because 98% H vanishes continuously on W\E, the reflected 
function extends analytically to .R, where it satisfies --I < 93% H < 1. Taking 
f  = eH proves the lemma. 
Now let v and # be any two points in JY(L-(0)). Then there is a partition 
E = A u B such that 
(XA+ + x&d f hA+ + x,-)^($)? 
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where the caret denotes the Gelfand transform of a function in L”(a). Lemma 4.7 
and Theorem 4.1 then show there is an inner function in Hm separating y and #, 
and (3.1) now follows for Case 3. 
We now turn to the case of a finitely connected domain 52. Recall that we can 
assume as1 is a finite union of curves I’ = r, v m-0 u P, and that ds denotes the 
arc length measure on r. 
LEMMA 4.8. If Sz is a plane domain bounded by finitely many analytic Jordan 
curves r, ,..., r, , and if p, t,b E .M(L”(ds)), there is an inner function u E rim(Q) 
such that u(y) # u(#). 
Proof. A theorem of Stout [22] says there are three inner functions U, , Us , 
Us in A(Q) = H”(Q) n C(o) which separate the points of 0 and whose 
differentials have no common zero on Sz. We can clearly assume that Vi(v) = 
U,(4), j = 1,2,3. This means I(cp) = $(I/J) = 5 E aQ. Say dU,(C) # 0. The 
map f ---f f 0 Vi from Hm(d) to P(Q) h as adjoint Q,: &(Hm(SZ)) -+ &(N”(d)) 
defined by 3(%r(9~)) = (f 0 U,)(q). Because dU,(l) # 0 Gamelin’s localization 
theorem [13] implies Q, is a homeomorphism of the fiber (9 ~&(H~(f2)): 
a(v) = 1;) onto the fiber (cp E .M(Hm(d)): 2(v) = U,(l)]. From the result for 
Ha(d) it follows that there is an inner function u E Hm(d) separating @i(q) from 
%Y1(#). Then u 0 U, is an inner function on D separating v from #. 
5. AN INTERPOLATION THEOREM 
In this section we verify hypothesis (3.2) for the three algebras of type Hm 
listed in the introduction. The proof, which consists of solving a simple extremal 
problem, is quite general. 
THEOREM 5.1. Let A be a uniform algebra on a compact space X. Assume 
there is a positive measure 7 on &(A) such that 
A is weak-star closed in Lffi(r). (5.1) 
Assume also that there is ‘g E d(A) continuous in the weak-star topology of L%(T) 
such that 
Every finite complex measure on X representing 
the functional p on A has closed support X. (5.2) 
IfFEC(X),[(Fl( < I,thenthereisGEC(X)suchthat[G\ z landF--GGA. 
The theorem, which says that (3.2) holds if two other conditions are met, 
will be proved after we show how it applies to Cases 1, 2, and 3. In Case 1 we 
let T be the lift of m to X = M(L”) and we let v(f) = ff dm = SfdT. Then 
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Hypothesis (5.1) is immediate from Hypothesis (1.1). The F. and M. Riesz 
theorem for log-modular algebras [16, Theorem 6.51 and the fact [16, p. 2861 
that a function in Hi(m) with nonzero mean cannot vanish on a set of positive 
measure give (5.2) in Case 1. 
In the special case of H”(A), if F = & where g E Ha and B is a Blaschke 
product, Theorem 5.1 is a special case [I& Satz 71. It is also proved in [I 1 J. The 
proofs of these authors are longer than our proof below, but [I] contains a 
sharper theorem: If F ELm(d8/2a) and if the coset F + H”(A) contains two 
functions in the unit 6alI of Lm, then the coset contains a unimodular function. 
We have not been able to prove the sharper result with our method. 
If Q is any plane domain, Hm(Q) satisfies (5.1) and (5.2) when X is the Silov 
boundary of Ha. We take T to be the area measure on 9. That hm is weak-star 
closed in L”(T) can be seen in many ways. Perhaps the shortest way is to observe 
that 
H”(Q) = 1 f E Lm(T): 1 f $ dx dy = 0 for all g E C,,m(L?)/ .
We let o(f) =fbJ, o z E 0. Then Hypothesis (5.2) is exactly a lemma due to 
Gamelin [12, 141. 
Proof of Theorem. Extend F continuously to J(A) retaining the inequality 
jlF/]<l.IfG=F+h,h~A,writeG(p)=F(v)+h(p).Set 
a = q.4 G(p)l: GEF + A, II GII ,< 1). 
By (5.1) and the weak-star continuity of v, there is G, EF + A, (/ G, (( ,( 1 
such that 1 G,,(q)/ = a. Write A, = (h E A: h(v) = 0). If there were h E A,, with 
1) Go + h 11 < 1, we could take G = G, + h + c, with 1 c 1 small such that 
11 GII < 1 and a < 1 G(v)/. This contradiction means 
infill G,, + h /I: h E A,} = 1. 
On the other hand, 
inf{ll G,, + h II: h E A} < II F II < 1. 
By a duality 
(5.4) 
By a compactness argument in the space of measures there is a measure v for 
which the’extremum in (5.3) is attained: v J- A,, 1) v 11 ,( 1, / s G, dv 1 = I. 
Because I( G,, I( 11 v (( = I, this means 1 G, ( = 1 a.e. dv. By (5.4) we have l dv + 0 
so that d,u = (s dv)-1 d v re p resents q, and (5.3) then implies 1 G,, 1 = 1 on X. 
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COROLLARY 5.2. Let Sz be a plane domain and let X be the Silov boundary of 
Ha(Q). De&e an inner function as a function II E Hm such that j ti ( = 1 on X. 
If  the inner functions separate the points of X, then ball (H”) is the closed convex hull 
of the inner functions. 
We do not know if the inner functions separate X in this generality. 
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